Tail behavior of threshold models with
innovations in the domain of attraction of the

double exponential distribution
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Abstract

We consider a two-regime threshold autoregressive model where the driving
noises are sequences of iid random variables with common distribution function

F;, i = 1,2 which belongs to the domain of attraction of double exponential dis-

tribution. If in addition, F; € S,(7) i.e lim;_ % = €7, for each y € R, and
limy oo Fi;_lz;()m) =: d; < oo where F * G denote the convolution of the distribution

function and F = 1 — F, we determine the tail behavior of the process and give the

exact values of the coefficient.

Key Words: Tail behavior; Convolution tails; Stochastic Volatility Model; Threshold

Autoregressive Model.

1 Introduction

A distribution function F is in the domain of attraction of the extreme value distribution
A(z) = exp{—e"}, x € R if there exists a,, > 0, b, € R (n > 1) such that

lim F"(a,x +b,) = A(x), =z €R. (1)

n—o0

A distribution F is in the class S,(y) for v >0 if F(z) <1 for all x and

Flr —
lim M = ¢ for each y € R, (2)
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and _
lim LM = lim
z—oo  F(x) =00 P(X; > 2)
where F =1 — F and F * G denote the convolution of the distribution functions F and
G. The constant d is known to equal 2Ee?X1. In the sequel, we set mp(y) = Ee?* when
F is the distribution function of the random variable X. See Cline (1987) and Embrechts

(1985) for further details on convolution tails.

=:d < 0. (3)

Switching regimes is stylized facts encountered in financial data analysis, concerning ei-
ther financial returns, interest rates or volatilities. The threshold autoregressive (TAR)
model was introduced by Tong (1978) and has since become quite popular in non-linear
time series modelling. The TAR model can be seen as a stochastic difference equation.
The tail behavior of a stationary solution of such equation has been widely studied in a
variety of context. See for example Kesten (1973) and Resnick and Willekens (1991). In
our framework, the TAR model is a stochastic difference equation where the multiplicative
coefficient and the noise term are dependent. To our knowledge the litterature is not abun-
dant for this framework. Diop and Guégan (2004) studied the threshold autoregressive
stochastic volatility model where the driving noises are sequences of iid regularly varying
random variables. The aim of this paper is to study the tail behavior of a two-regime
threshold autoregressive model when the driving moise of each regime has distribution
function F; € D(A) N S,.(v), i = 1,2. Precisely we determine the exact value of the
coefficient in the tail behavior of the stationary solution when the model is stationary in

some regimes and mildly explosive in others.

The rest of this paper is organized as follows: Section 2 describes the model and con-
ditions for strict stationarity are provided. Some preliminary results with respect to the

innovation processes are given. Section 3 presents the main results.

2 The model

The threshold autoregressive (TAR) model is defined by the following relation

proy_1 + Zt(1)7 ity, ; <,

= @ .
¢205t71 + Zt ) 1f}/;571 > T,

where 7 and ¢; are non random constants and with threshold variable Y; ;.



2.1 Assumptions

We will use the following assumptions.
H - (Zfi)) is sequence of iid random variables (i = 1,2) and satisfied the following con-

ditions:

Eflog* 2{"] < +oc, (5)

where log™ # = maz (0, log ).

H, - For each i = 1,2, the two sequences of random variables (Zt(i))t and (Y;); are inde-
pendent and (Zt(l))t and (Zt(z))t are independent.

Hj - The sequence of iid random variables (Zt(i))t whose common distribution F; is both
in the domain of attraction of A(z) = exp{—e *},z € R and in S,(7), v > 0 and satisfies

the tail balancing condition

nmwzp7 hmwzl_p (©)
e CUEE R (CHEE
We define ¢ = P(Y; < 7) and Iy = 1y, <0y, lor = 1 — I1;. Then equation (4) can be
rewritten as:
Q= Q-1 + Zy, (7)
where
by = Ol + P2l and 7, = Zt(l)]u + Zt(2)12t-

We easily check that the tail balancing condition (6) holds for random variables (Zj)
whose distribution function F' = ¢F) + (1 — q) F5.

2.2 Preliminary result

The equation (7) is a stochastic difference equation where the pairs (¢, Z;); are sequences
of iid R%valued random variables under H;-H,. The next proposition gives the strict
stationarity of the process (a;); defined in (7). The result follows from Theorem 1 of
Brandt (1986).

Proposition 1 (strict stationarity) Assume Hy, and Hy and suppose that
| @1 7] @2 |'79< 1. Then, for allt € Z, the series (o), defined in (7) admits the following
eTPansion

00 7j—1

ap = Z (H ¢t—k> Zyj, (8)

j=0 \k=0
which converges almost surely. Then the process (o) is the unique strictly stationary
solution of (7).



Proposition 2 Let F = qFy + (1 — q) Fs.
(i) If F; € D(A), i=1,2 then F € D(A).
(i) If F; € S,(y), i=1,2,7>0 then F € S,(7).

Proof :

Without loss of generality, we can assume that

1?2(93)
Fl (IL')

x — oo which we denote by F, ~ cF} with ¢ > 0. Then the proof of (i) follows from
Proposition 3.3.28 of Embrechts et al. (1997). Indeed

tends to some constant ¢ > 0 as

[\'}j |

()
()

which tends to some positive constant k > 0 as @ — co. Hence F' belongs to D(A).

51((3 =q¢+ (1)

&

Now we prove (ii).

First, using Fy ~ cF} with ¢ > 0, it is easy to show by simple calculations that

Flz—y)
F(x)

— eWasz — 0.

FxF
It suffices now to show that lim f—(x) =d < oo.
s F(a)

Now, we use the decomposition

P(Z+ 22 >2) = ¢P(Z"+ 2 > 2)+q(1 - 9P(2" + 20 > x)
+ q(1 = QP2 + 2 > 2) + (1 - *P(2? + 2 > 2).
Then
P(Z) + 2, > @) PP+ 20 > a) a1 —gP(Z + 2 > a)
P(Z1 > x) P(1, 720 + 10, 72% > 2) P ZY + 1,727 > )

(11— P2 + 2" > 2)  (1—0*P(Z7 + 2" > 2)
Pzl + 27 >0) P2 + 12 > a)

We can write

F ﬂiF(x) _ qQFljk Fi(x) 2q(1— q)Fl x Fy(z) (1 -— q)Z;FQ x [y ()

) o) e w9

where F(x) = qFy(x) + (1 — q) Fy(2).
Since Iy and F; belong to the class S,.(v), we have



and

. Fyx Fy(x)
Then
¢ Fy x Fy(x) ¢*d,

Flz)  q+cl—gq)

Similarly, we have

(1— q)2_F2 * Fy(z) B (1 — q)%cdy
F(z) ¢+c(l—q)
Using Theorem 1 of Cline (1986), we show that

q(1 — qZFl * Fy(x) q(1 —q)(dy + Cdz)'

F(z) T gt di—g)

The proposition is entirely demonstrated.

3 Main Results

Our aim in this section is to establish the tail behavior of the stationary distribution of
(), defined in (4).

Theorem 1 Let (oy); be the stationary solution of equation (7) and the process (Zy)s be
an 1id sequence of random variables with common distribution F' € D(A)N S, () satisfying
(6). Suppose that the assumptions of Proposition 1 hold. Then the tail behavior of the

stationary distribution of (oy); is

. Play >z - s ol
wh_{go % = (Z ﬁimGo*Gl*m*Gz‘A (7)mGi+1 (’7) --Mmay, (7)) (Z May, (7¢1¢2+1 ) pn+l,i> )
1=0 =0
(10)
where

J
me,(7) =Y _mp (W%%_k) Pk Pk =Clg (1 —q) "
k=0

MGxGyr..+G; can be computed using the following recursion formula :

Maocy (V) = amp (V)me(y1) + (1 — @)mp, (v)me(v¢2),

MGoxGy*..xGip1 ('7) = qmpg (7)mGo*Gl*m*Gi (7) + (1 - q)mF2 (V)mGo*Gﬁm*Gi (7)

(11)



and

@& if ¢=1, [f2] < 1,
pflqk(]%;k + (1 =p)okt1) if o1 =—1, |dof <1,

P (1= @) (P + (L = p)okya) if ¢2=—1, [d1| <1,
\ 0 Zf ’¢1| <1, |¢2| <1,
with
5, — 1 if k even (13)
0 uof k odd.

Remark : We may give an financial example of model (4) introduced by Breidt (1996)

for a financial return Y; defined by the following relation
Yi = o exp(Fer (14)

where a4 is an open-loop threshold autoregressive process ( Tong 1990, p. 101)

dra,_1 + 2, Y, <0,

o (15)
Gy + 27, Y, > 0.

ap =

This model is called a threshold autoregressive stochastic volatility model (TARSV). The
log-volatility process (oy) has a piecewise linear structure. It switches between two first-
order autoregressive process according to the sign of the previous return. In this frame-
work, o is positive constant and (&); is a sequence of independent and identically dis-
tributed random variables with zero mean and its variance is taken to be one. When
either ;| = 1 and |¢o| # 1 or |po] = 1 and |¢1| # 1, the process defined in (15) is station-
ary in some regimes and mildly explosive in others. These models are stationary in some
regimes and mildly explosive in others. See Gongalo and Montesinos (2002). Gouriéroux
and Robert (2006) studied the ACR(1) process where there is a switching between white

noise and a random walk.

Before proving Theorem 1 we establish three lemmas. The next lemma is due to Davis
and Resnick (1988). Its proof will then be omitted. The second lemma is an extension
of Proposition 1.2 in Davis and Resnick (1988) where the hypothesis of independence is
relaxed. See also Cline (1986). They are needed for the proof of the tail behavior of (o).
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Lemma 1 Suppose F' € D(A) so the Balkema and de Haan (1972) representation holds

Flz) = 0(z) exp {— / %dt} , (16)

for some zy and x > zy where 0(x) — 0 € (0,00) as ©r — o0,
f >0 is absolutely continuous on (2, c0)with density f' and lim, . f'(u) = 0.

Given € > 0, there exists xo = xo(g) such that for x > xq

N s

forany 0 <c< 1.

This following lemma is quite general since it does not require the hypothesis of indepen-
dence between the Y;’s.

Lemma 2 Let {Y;, 1 < i < n} be random variables with distribution function G; and
suppose F' € S,(vy). If

P(Y;
lim M =a; € [0, 00] (18)
fori=1,...,n then for alln > 2,
P <ZY > x)
lim i:i = Z QMG G, xGi— (’Y)mGH»l (,7) -.-Mmgq, (7) (19)
T—00 F(I) Py

Proof :
When n = 2, then this lemma is the formulation of Theorem 1 of Cline (1986). When
n>2 set S, =5 " Y and G its distribution function. Applying (19), when n = 2, we

have
n+1
P Y, >«
lim — = lim —
ST F() e Fla)

= an-&-lmG(’y) + (Z QNG xGo*..xGi— 1 (7)mGi+1 (7) -.-Mma, (7)) MG ('7)

n+1 = (20)
- Z QMG xGox.. xGi_1 (V)mGHl (7) O [ Te (7)

=1



Lemma 3

00 7—1
P < Z (H ¢(t—k)> Zi_j > x)
j=n+1 \k=0

li =0. 21
o P(Z, > z) (21)
Proof: For ¢ > 0 and for all b such that 1 < b'/¢ < E\(b Bloc /e Ve have

00 7—1 00 J
P ( > (H m)) 7 s >m> < 3 S P{Idked I Ziy 1> 0 (b= D f i

j=n+1 \k=0 j=n+1 k=0

where pjr = Crg"(1 — q) 7"
Using the tail balancing condition (6), we have

“ijl

i ]P)(‘ Zt —j ’> l’dk) (Zt j > l’ék i

1 .
P(Z_; > x0r) P(Z, > ) p Pik;

= F(z
where &, = b"77 (b — 1) | ¢¥¢ ™" |71, Since b > 1, it is readily seen that 6,1 < 1 for all
j>nandj>k.

Hence applying Lemma 1 with ¢ = 5,;1, given € > 0, there exists zy such that for x > z,

we have

J T J 1/e -1 /e
F(xdy) f(z) 0
= pjix < Y (1+¢) <— — D k-
Z% F(z) "’ kzg x e(1—a.1Y !
Now following the proof of Proposition 1.1 of Davis and Resnick (1988), we give an upper

bound of '
ke (P)7 5 Sy (1ot )] e

j=n+1 k=0
Observe that

i [0 10) 7 (165057 )] s = 76— )7 (B | bou 177)’.

This implies

P ( > (H%k)) Zij > iU) < > ZP{! TN Zoj |> 0 (b — 1)3;}

Jj=n+1 \k=0 j=n+1

K(ﬂ) _f: (B | bgqy [V’ .

X

[e=]

IN



Since E | by [Y°< 1 and lim @) = lim f'(z) = 0 the result follows.

r—oo I T—00

Proof of Theorem 1
Set

n 7—1 9 j—1
Sp = Oj¢@m>zﬁ, f%=:§j< ¢@m)&ﬁ,
0

j=n+1 \k=

7—1
E:<H@m0&p
k=0

Denote by G the distribution function of Y;. First, it is easy to check that the moment

generating function of Y; exists and is given by

me,(v) =Y mp (v 65 ") pia-
=0

Next note that R, = ¢udu-1).. @¢-n)®-n-1. Using the independence between
{qﬁ(t),qﬁ(t_l),...,gb(t_n)} and a;_,,_1, we can compute the moment generating function

of R,, which we denote by mg,,

n+1

meg, (7) = Z Meay g (,ng@lgb;b-i-l—l) Pr+1,

=0
where m,, is the moment generating function of «y. By stationarity of («y), we get

n+1

me, () = Z My (YO105 ) Prsrae

=0

Using the rapidly variation of F' and the tail balancing condition (6), we can establish
that

with
’ ¢ if gr=1  [gl<l,
(po; + (1 =p)oj)p™ ¢ if ¢pr=—1  [¢a|<],
B = (1—q) if ¢p=1 | o1 |< 1, (23)
(po; + (1 =p)ojr)p (1 —q) if ¢o=—1 |1 < 1,
0 if || <1, || < 1.




By Lemma 2, we have

P(S, > x)

o Bz, s 1) Za MGraGar.xGioy (V)M (V) - M, (7): (24)

Moreover, by Lemma 3
P(R,, >
lim D >2) (25)

Combining (24) and (25) and applying again Lemma 2, we obtain the desired result.
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