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Abstract—We present a statistical process depending on a continuous time parameter τ whose each
margin provides a Generalized Hill’s estimator. In this paper, the asymptotic normality of the finite-
dimensional distributions of this family are completely characterized for τ > 1/2 when the underlying
distribution function lies on the maximum domain of attraction. The ratio of two different margins of
the statistical process characterizes entirely the whole domain of attraction. Its asymptotic normality
is also studied. The results permit in general to build a new family of estimators for the extreme value
index whose asymptotic properties can be easily derived. For example, we give a new estimate of the
Weibull extreme value index and we study its consistency and its asymptotic normality.
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1. INTRODUCTION

Let X1, X2, . . . , Xn denote a sample from a distribution function F . The estimation of the law of the
maximum Xn,n = max(X1, . . . , Xn) is one of the most important questions of the extreme value theory.
Recall that Xn,n converges in type to some random variable Z with nondegenerate distribution function
H(·) if and only if there exist two sequences of real numbers (an > 0, n ≥ 1) and (bn, n ≥ 1) such that

lim
n→∞P(Xn,n ≤ anx + bn) = H(x), ∀x ∈ R.

It is then said that F is in the domain of attraction of H , denoted by F ∈ D(H). It is well known that H
belongs to the type of one of the following three dfs:

Gumbel : Λ(x) = exp(−e−x), x ∈ R,

Fréchet : ϕα(x) = exp(−x−α), x > 0, α > 0,

Weibull : ψγ(x) = exp(−(−x)γ), x ≤ 0, γ > 0.

The interested reader is referred to [6], [7], [2], [15], [11], [1], [10] or [20] for a general introduction to
extreme value theory and applications. The characterization of these three domains received very much
consideration in the two past decades. At the same time, many empirical discrimination results within
the extremal domain are available. We mean by discrimination results those that give three different
behaviors for the three domains, so that we may decide from them what extremal domain applies. First,
Mason [19] gave a complete characterization of the Fréchet type with Hill’s statistic [14]. Tiago de
Oliveira [23], Smith [22], Dekkers et al. [8], Hasofer and Wang [13] also proposed statistical tests for the
selection between these three types. In the same spirit, Lô [18] introduced a class of nine statistics which
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characterizes completely all the extremal domain. Next, Diop and Lô [9] introduced the following family,
depending on the continuous parameter τ , 0 < τ < ∞, whose each margin can arise as a Generalized
Hill’s estimator (when l is fixed):

Tn(τ) = k−τ
n

kn∑

j=ln+1

jτ (log Xn−j+1,n − log Xn−j,n),

where ln and kn are sequences of integers such that

0 < ln < kn < n, ln/kn → 0 and kn/n → 0 as n →∞, (K)

and where X1,n ≤ . . . ≤ Xn,n are the order statistics based on X1, . . . , Xn. They established the strong
consistency of this estimator when the underlying distribution function belongs to D(ϕα), α > 0.

We aim to characterize here the asymptotic normality of this family of statistics. In this paper, we shall
focus on the asymptotic normality of their finite-dimensional distributions. The asymptotic normality of
the ratio of any two margins is also studied.

Before we go any further, let us give some notation. We assume F (1) = 0. The sequence Y1, Y2, . . .
is related to the Xi’s by Yi = log Xi, G(y) = F (ey). In the tail estimation problem, it is advantageous
for a number of reasons to transform the original data by taking logarithms. Negative observations, not
relevant to estimating the right tail anyway, are neglected.

The function G−1(·) = inf{x, G(x) ≥ ·} is the left-continuous generalized inverse of G. We will have
the following representations. First, we have for F ∈ D(ϕα),

G−1(1− u) = log c(1 + f(u))− log u

α
+

1∫

u

b(t)t−1 dt, 0 < u < 1, (1)

next for F ∈ D(ψγ), y0 = sup{x,G(x) < 1} < +∞

y0 −G−1(1− u) = c(1 + f(u))u1/γ exp
( 1∫

u

b(t)t−1 dt

)
, 0 < u < 1, (2)

and finally, for F ∈ D(Λ),

G−1(1− u) = d− s(u) +

1∫

u

s(t)t−1dt, 0 < u < 1, (3)

where s(u) = c(1 + f(u)) exp
( ∫ 1

u b(t)t−1 dt
)
, 0 < u < 1, is a slowly varying function in a neighborhood

of 0 (SVZ). In each of these formulae, (f(u), b(u)) → (0, 0) as u → 0. The representations (1) and (2)
are the Karamata’s representation, while (3) is that of de Haan.

Throughout the paper, U1, U2, . . . , Un will be a sequence of independent and uniform random
variables on (0, 1) and (U1, n ≤ U2, n ≤ . . . ≤ Un, n) will denote the corresponding order statistics. Let
Un(·) be the empirical distribution function based on U1, U2, . . . , Un (n = 1, 2, . . .). We then put for
0 < τ < ∞, n ≥ 1,

x̃n = G−1(1− Ukn+1,n), z̃n = G−1(1− Uln+1,n),

xn = G−1(1− kn/n), zn = G−1(1− ln/n),

µ̃n(τ) = (n/kn)τ

ezn∫

exn

(1−G(t))τ dt, µn(τ) = (n/kn)τ

zn∫

xn

(1−G(t))τ dt,

r(τ, x, z) = (1−G(x))−τ

z∫

x

(1−G(t))τ dt,
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r(τ, x) ≡ r(τ, x, y0), r(x) ≡ r(1, x, y0)

with x ≤ z ≤ y0, where y0 = sup{x, G(x) < 1} denotes the right endpoint of G.

We may without loss of generality and do assume the general representations for the empirical
distribution function (df) Gn based on Y1, Y2, . . . , Yn and for the statistics Y1, n ≤ . . . ≤ Yn, n by their
uniform counterparts:

{1−Gn(x), x ∈ R, n ≥ 1} = {Un(1−G(x)), x ∈ R, n ≥ 1},
{Yn−i+1, n, 1 ≤ i ≤ n, n ≥ 1} = {G−1(1− Ui, n), 1 ≤ i ≤ n, n ≥ 1}.

In what follows, the main results are stated in Section 2. Section 3 contains an application of the
main results. In Section 4, we prove the different results. Section 4 concludes the paper.

2. MAIN RESULTS

In the sequel, we also need the following functions for τ > 0, ρ > 0:

σ2
1(τ) =

2τ2(γ + 1)2

(γτ + 1)(γ(2τ − 1) + 2)
, (4)

σ2
2(τ) =

(γ + 1)2(τγ2 − γ + 2)
γ2(γτ + 1)(γ(2τ − 1) + 2)

, (5)

σ2
3(τ, ρ) = 2

(
γρ + 1
γτ + 1

)2{ τ2(γτ + 1)
γ(2τ − 1) + 2

+
ρ2(γρ + 1)

γ(2ρ− 1) + 2
− τρ

γ(ρ + τ) + 2
γ(ρ + τ − 1) + 2

}
, (6)

σ2
4(τ, ρ) = γ−2

(
γρ + 1
γτ + 1

)2{(τγ2 − γ + 2)(γτ + 1)
γ(2τ − 1) + 2

+
(ργ2 − γ + 2)(γρ + 1)

γ(2ρ− 1) + 2
− 2

γ3τρ + γ(τ + ρ− 1) + 2
γ(ρ + τ − 1) + 2

}
, (7)

Γ1(τ, ρ) =
τρ(γ + 1)2(γ(τ + ρ) + 2)

(γ(τ + ρ− 1) + 2)(γτ + 1)(γρ + 1)
,

Γ2(τ, ρ) =
(γ + 1)2(γ3τρ + γ(τ + ρ− 1) + 2)

γ2(γ(τ + ρ− 1) + 2)(γτ + 1)(γρ + 1)
.

We also put D = D(Λ)∪D(ϕα)∪D(ψγ). Any formula (variance, covariance,. . . ) with the parameter
γ > 0 is true when F ∈ D(ψγ) and the corresponding result for the domain D(ϕα) ∪D(Λ) is obtained
by letting γ → +∞, unless the contrary is specified.

We are now able to give our results for these statistical processes for 0 < T < ∞,

{Sn(τ), n > 1} =
{
k1/2

n (Tn(τ)− µ̃n(τ))/r(xn), 0 < τ < T, n > 1
}

and

{Wn(τ), n > 1} =
{
k1/2

n (Tn(τ)− µn(τ))/r(xn), 0 < τ < T, n > 1
}
.

Theorem 1. Assume that (K) holds and let F ∈ D, τ > 1/2, ρ > 1/2 and τ 6= ρ. Then

(Sn(τ), Sn(ρ)) →d N2


0,


 σ2

1(τ) Γ1(τ, ρ)

Γ1(τ, ρ) σ2
1(ρ)





 (8)

and

k1/2
n

(
Tn(τ)
Tn(ρ)

− µ̃n(τ)
µ̃n(ρ)

)
→d N(0, σ2

3(τ, ρ)). (9)

MATHEMATICAL METHODS OF STATISTICS Vol. 18 No. 2 2009



4 DIOP, LÔ

The centering coefficients are random in this theorem. In order to be able to replace them by
nonrandom ones, we need the following regularity condition:

γn(kn) = k1/2
n

{
f(Ukn+1,n)− f(kn/n)

} →p 0 as n →∞. (RC)

Precisely, we have:

Theorem 2. Assume that (K) holds and let F ∈ D, τ > 1/2, ρ > 1/2, and τ 6= ρ. Assume also that
(kn, ln) satisfies:

H1 : There exists η, 0 ≤ η < 1/2, lτnk
−τ+ 1

2
+η

n → 0 as n → +∞.
Then,
(i) Wn(τ) →d N(0, σ2

2(τ)) if and only if (RC) holds.
(ii) Moreover, whenever (RC) holds,

(
Wn(τ), Wn(ρ)

) →d N2


0,


 σ2

2(τ) Γ2(τ, ρ)

Γ2(τ, ρ) σ2
2(ρ)





 (10)

and

k1/2
n

(
Tn(τ)
Tn(ρ)

− µn(τ)
µn(ρ)

)
→d N(0, σ2

4(τ, ρ)). (11)

Remark 1. According to Theorem 1 and Lemma 1 below, the couple (Tn(τ), Tn(ρ)/Tn(τ)) tends in
probability to (0, τ/ρ), (1/(τα), τ/ρ) or (0, (γτ + 1)/(γρ + 1)) according to the three cases F ∈ D(Λ),
F ∈ D(ϕα) or F ∈ D(ψγ). These results clearly give a total separation of the whole domain of attraction.
The theorems then propose statistical tests based of the consistency results.

Remark 2. It is important to see that the variances given in (4)–(7) are defined only for τ > 1/2 and
ρ > 1/2.

We are now going further to see the conditions that will enable us to get rid of the coefficients in
Theorem 2 and replace them by more explicit ones leading to more sound statistical applications. In
order to give a refinement of the theorems by replacing the centering constants in (10) by zero, 1/(τα)
or (y0 −G−1(1− kn/n))/(γτ + 1) according to F ∈ D(Λ), F ∈ D(ϕα) or F ∈ D(ψγ) and in (11) by
(γρ + 1)/(γτ + 1), we need some additional conditions. The following theorem gives the result when
F ∈ D(ψγ).

Theorem 3. Assume that (K), (RC) and H1 hold and let F ∈ D(ψγ), τ > 1/2, ρ > 1/2, and τ 6= ρ.
Assume also that the following hypotheses hold:
H2 : k1/2

n sup
xn<z<y0

|f(z)| → 0 as n →∞;

H3 : k1/2
n

[(
n

kn
(1−G(xn)

)τ

− 1
]
→ 0 as n →∞.

Then

k
1/2
n

r(xn)

[
Tn(τ)− y0 − xn

γτ + 1

]
→ N(0, σ2

2(τ)) (12)

and

k1/2
n

[
Tn(τ)
Tn(ρ)

− γρ + 1
γτ + 1

]
→d N(0, σ2

4(τ, ρ)). (13)

Remark 3.
(1) If we suppose that the distribution function G is continuous and strictly increasing in a neighbor-

hood of the right endpoint y0, then H3 holds.

(2) If we attempt to have a nonrandom centering sequence in Theorems 2 and 3, only f makes
problems. In earlier studies of Tn(τ) when τ = 1 for instance, Hall [12], Csörgő and Mason [5],
Lô [17] imposed f ≡ 0. In this case the hypothesis H2 and the assumption (RC) hold.
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3. APPLICATION

As an application of the obtained asymptotic results, we present a new family of estimates of the
Weibull extreme value index depending on two continuous parameters τ and ρ. These estimates are
based on the ratio of Generalized Hill’s estimates. Therefore, their weak consistency and asymptotic
normality follow directly from Theorem 3. Their asymptotic as well as finite-sample performance will be
compared to classical ones in future work. Indeed, according to Theorem 3, if we set Rn(τ, ρ) = Tn(τ)

Tn(ρ) ,
we have

Rn(τ, ρ) →p
γρ + 1
γτ + 1

. (14)

Using (14), we can define a new estimate of the Weibull extreme value index. The estimate γ̂n is defined
as the solution of the following equation

Rn(τ, ρ) =
γ̂nρ + 1
γ̂nτ + 1

,

γ̂n =
Rn(τ, ρ)− 1
ρ− τRn(τ, ρ)

, (15)

so that γ̂n depends on τ and ρ. For every τ and ρ, γ̂n arises as an estimator of the parameter γ when
F ∈ D(ψγ). The consistency and asymptotic normality of γ̂n follow directly from (14) and Theorem 3
respectively. Precisely, we have

k1/2 [γ̂n − γ] →d N(0, σ2
5(τ, ρ)),

where

σ2
5(τ, ρ) =

(γτ + 1)4

(ρ− τ)2
σ2

4(τ, ρ).

4. PROOFS OF THE MAIN RESULTS

We need two lemmas. First, define for−∞ < x < z < y0, τ > 0, ρ > 0

w(τ, ρ, x, z) =
1

(1−G(x))τ+ρ

z∫

x

z∫

y

(1−G(t))τ (1−G(y))ρ dtdy,

with w(τ, ρ, x, y0) ≡ w(τ, ρ, x).

Lemma 1. Let τ > 0, ρ > 0, γ > 0.
(i) If F ∈ D(Λ) ∪D(ϕα), then 1− (1−G)τ ∈ D(Λ) and r(τ, G−1(1− u)) is slowly varying at

zero and

w(τ, ρ, x, z) ∼ w(τ, ρ, x) ∼ r(τ, x)r(τ + ρ, x) (16)

as x → y0, z → y0 and 1−G(z)
1−G(x) → 0.

(ii) If F ∈ D(Ψγ), then 1− (1−G)τ ∈ D(Ψγτ ) and r(τ, G−1(1− u)) is regularly varying at zero
with exponent γ−1. Moreover,

w(τ, ρ, x, z) ∼ w(τ, ρ, x) ∼ e(γ, τ, ρ)r(τ, x)r(τ + ρ, x) (17)

as x → y0, z → y0, 1−G(z)
1−G(x) → 0, where

e(γ, τ, ρ) = {γ(τ + ρ) + 1}/{γ(τ + ρ) + 2}.
(iii) If F ∈ D, then

(
1−G(G−1(1− u))

)
/u → 1 as u → 0.

(iv) If F ∈ D, then r(τ, x)/r(ρ, x) → (γρ + 1)/(γτ + 1) as x → y0, for τ > 0, ρ > 0.
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Proof. (i) Let F ∈ D(Λ) ∪D(ϕα). It is well known that G ∈ D(Λ). Then using Karamata’s represen-
tation we prove that 1− (1−G)τ ∈ D(Λ). Next Lemma 1 in Lô [16] yields for λ > 0, λ 6= 1,

G−1(1− λu)−G−1(1− u)
r(G−1(1− u))

→ − log λ as u → 0

and Lemma 4 in Lô [17] implies

G−1(1− λu)−G−1(1− u)
s(u)

→ − log λ as u → 0,

where s is SVZ defined in (3), so that r(G−1(1− u)) is SVZ. Using Theorem 2.8.1 in De Haan [6], we

can write r(τ,G−1(1−u))
r(G−1(1−u))

→ 1
τ as u → 0. Since r(G−1(1− u)) is SVZ for G ∈ D(Λ), it follows easily that

r(τ, G−1(1− u)) is SVZ. It remains to prove (16). Set for ρ > 0 and τ > 0,

1−G∗(x) = (1−G(x))ρ

y0∫

x

(1−G(t))τ dt.

Further, by Theorem 2.8.1 in De Haan [6], t(x) = t, r(τ + ρ, x)/r(x) → 1/(τ + ρ) as x → y0. Next,
since G ∈ D(Λ), by Hospital’s rule we have

( y0∫

x+t(x)r(x)

(1−G(t))τ dt

)/( y0∫

x

(1−G(t))τ dt

)
→ e

− tτ
ρ+τ

as x → y0. Therefore
1−G∗ (x + t(x)r(τ + ρ, x))

1−G∗(x)

=
(

1−G(x + t(x)r(x))
1−G(x)

)ρ( y0∫

x+t(x)r(x)

(1−G(t))τ dt

)/( y0∫

x

(1−G(t))τ dt

)

→ e
− tρ

ρ+τ e
− tτ

ρ+τ = e−t.

Finally, by using again Lemma 2.5.1 in [6], we have G∗ ∈ D(Λ) and

r(τ + ρ, x) ∼ 1
1−G∗(x)

y0∫

x

(1−G∗(t)) dt = w(τ, ρ, x)/r(τ, x) (18)

as x → y0. To complete the proof of (16), it remains to show that

w(τ, ρ, x, z) ∼ w(τ, ρ, x) (19)

as z ∧ x ↑ y0 whenever (1−G(z))/(1−G(x)) → 0 as z ∧ x ↑ y0. Indeed, we have

w(τ, ρ, x, z) =
1

(1−G(x))τ+ρ

z∫

x

z∫

y

(1−G(t))τ (1−G(y))ρ dtdy

= w(τ, ρ, x)(1−E2 −E3)

with

E2 =
( z∫

x

y0∫

z

(1−G(t))τ (1−G(y))ρ dtdy

)/( y0∫

x

y0∫

y

(1−G(t))τ (1−G(y))ρ dtdy

)

=
(1−G(x))τ (1−G(z))ρr(τ, x)r(ρ, z)

(1−G(x))τ+ρw(τ, ρ, x)
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and

E3 =
( y0∫

z

y0∫

y

(1−G(t))τ (1−G(y))ρ dtdy

)/( y0∫

x

y0∫

y

(1−G(t))τ (1−G(y))ρ dtdy

)
.

By (18),

E2 ∼
(1−G(z)

1−G(x)

)ρ r(ρ, z)
r(τ + ρ, x)

∼ τ + ρ

ρ

(1−G(z)
1−G(x)

)ρ r(z)
r(x)

. (20)

But
r(z)
r(x)

≤ r(z)
z − x

→ 0 (21)

whenever (1−G(z))/(1−G(x)) → 0 as z ∧ x ↑ y0. Combining (20) and (21) yields E2 → 0. By the
same arguments,

E3 ≤
( y0∫

z

y0∫

y

(1−G(t))τ (1−G(y))ρ dtdy

)/( z∫

x

z∫

y

(1−G(t))τ (1−G(y))ρ dtdy

)

≤ 2
w(τ, ρ, z)
(z − x)2

∼ 2
r(τ + ρ, z)

z − x

r(τ, z)
z − x

∼ 2
τ(τ + ρ)

(
r(z)
x− z

)2

→ 0.

This completes the proof of Point (i) of the Lemma.

(ii) Let F ∈ D(Ψγ). Then G ∈ D(Ψγ). Use the Karamata representation of G:

1−G(t) = c(t)(y0 − t)γ exp

1
y0−t∫

1

b(t)
t

dt, (22)

with b(t) → 0 and c(t) → c > 0. We get for all τ > 0,

(1−G(t))τ = c(t)τ (y0 − t)γτ exp

1
y0−t∫

1

τb(t)
t

dt.

This means that 1− (1−G)τ ∈ D(Ψτγ). Now, one easily gets for any τ > 0 and ρ > 0, as x → y0,

r(τ, x) =
(y0 − x)
(γτ + 1)

(1 + o(1)) (23)

and

w(τ, ρ, x) =
(y0 − x)2

(γτ + 1)(γ(τ + ρ) + 2)
(1 + o(1)).

But

r(τ + ρ, x)r(τ, x) =
(y0 − x)2

(γτ + 1)(γ(τ + ρ) + 1)
(1 + o(1)).

Comparing these two last formulas gives (17) for z = y0. Recall that (19) has been proved for any G
when F ∈ D. Then (17) is completely proved. To finish, recall that one has, by virtue of (23),

r(τ, G−1(1− u)) ∼ y0 −G−1(1− u)
(γτ + 1)

,

which is regularly varying at zero with exponent 1/γ by the classical Karamata’s representation of
G ∈ D(Ψγ) (derived from (22)). The proof of Point (ii) of the lemma is finished.
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(iii) It is easily checked that either G(G−1(1− u)) = 1− u or 1− u lies on some constancy interval
of G−1, say ]G(x−), G(x)], so that G−1(1− u) = x and hence 1 ≥ (1−G(G−1(1− u)))/u ≥ (1−
G(x))/(1−G(x−)). Either G ∈ D(Ψγ) and consequently Karamata’s representation holds:

1−G(x) = c(x)(y0 − x)γ exp
( 1/(y0−x)∫

1

p(t)t−1 dt

)
, x < y0,

where c(x) → c, c > 0, as x → y0 and p(t) → 0 as t → +∞, or G ∈ D(Λ) and by de Haan–Balkema’s
representation (see Smith [22]),

1−G(x) = c(x) exp
( x∫

−∞
l(t)−1 dt

)
, −∞ < x < y0,

where c(x) → 1 as x → y0 and l admits a derivative l′(x) such that l′(x) → 0 as x → y0. In both cases,

(1−G(x))/(1−G(x−)) = c(x)/c(x−) → 1 as x → y0.

This completes the proof.

(iv) The proof directly follows from Theorem 2.8.1 of De Haan [6].

Lemma 2. Assume that (K) holds. Then there exists a probability space carrying a sequence of
independent random variables uniformly distributed on (0, 1) denoted U1, U2, . . . and a sequence
of Brownian bridges {Bn(s), 0 ≤ s ≤ 1}, n = 1, 2, . . ., such that for all ν, 0 ≤ ν < 1/4, and for all
τ > 0,

sup
U1,n≤s≤Un,n

n1/2{(Un(s))τ − sτ} − τsτ−1Bn(s)
sτ−1+1/2−ν

= Op(n−ν),

where Un(·) is the empirical distribution function based on U1, U2, . . . , Un, n ≥ 1.

Proof. Csörgő et al. [3] have constructed a probability space on which the following approximation
holds for 0≤ ν < 1/4 (see [21], p. 501):

sup
U1,n≤s≤Un,n

n1/2[Un(s)− s]−Bn(s)
(s(1− s))1/2−ν

= Op(n−ν). (24)

Now, by using twice the mean-value theorem, we get

n1/2{(Un(s))τ − sτ} − τsτ−1Bn(s)

= τsτ−1(αn(s)−Bn(s)) + τ(τ − 1)αn(s)(ζ ′n(s)− s)(ζ ′′n(s))τ−2

≡ Rn(1, s) + Rn(2, s),

where αn(·) defined by n1/2(Un(s)− s) is the empirical uniform process and

{ζ ′n(s), ζ ′′n(s)} ⊂ [min(Un(s), s), max(Un(s), s)].

It is immediate in view of (24) that,

sup
U1,n≤s≤Un,n

|Rn(1, s)|
sτ−1+1/2−ν

= Op(τn−ν).

Furthermore, it is clear that

sup
U1,n≤s≤Un,n

|s−1/2Bn(s)| = Op(1).

Remark also that (24) is also true for ν = 0. Thus

sup
U1,n≤s≤Un,n

|s−1/2αn(s)| ≤ Op(1) + sup
U1,n≤s≤Un,n

|s−1/2Bn(s)| = Op(1).
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Hence,

sup
U1,n≤s≤Un,n

|Rn(2, s)|
sτ−1

= τ(τ − 1) sup
U1,n≤s≤Un,n

n−1/2

∣∣∣∣
αn(s)2

s

∣∣∣∣ sup
U1,n≤s≤Un,n

|ζ ′′n(s)/s|τ−2

= Op(τ(τ − 1)n−1/2).

Finally,

sup
U1,n≤s≤Un,n

|Rn(2, s)|
sτ−1+1/2−ν

= Op(n−ν).

This completes the proof of the lemma.

For convenience, we use in the sequel the following notation, for τ > 0 and 0 < s ≤ 1:

α̃n(τ, s) = n1/2{(Un(s))τ − sτ}
and

B̃n(τ, s) = τsτ−1Bn(s).

We are now able to prove our results.

Proof of Theorem 1. It is easily seen that

Tn(τ) =
(

n

kn

)τ
ezn∫

exn

(1−Gn(s))τ ds

and then

k
1/2
n

r(1, xn)
{Tn(τ)− µ̃n(τ)} =

(n/kn)τ−1/2

r(1, xn)

ezn∫

exn

n1/2
(
(1−Gn(s))τ − (1−G(s))τ

)
ds. (25)

Thus, the right-hand side of (25) can be decomposed into four parts:

k
1/2
n

r(1, xn)
{Tn(τ)− µ̃n(τ)} = Nn(1, τ) + Rn(1) + Rn(2) + Rn(3), (26)

where the terms Rn(j), j = 1, 2, 3, and Nn(1, τ) are specified and handled in the coming steps.

Step 1: We first show that

Rn(1) =
(n/kn)τ−1/2

r(1, xn)

xn∫

exn

B̃n(τ, 1−G(t)) dt →p 0.

Proof. For any integer d fixed with 1 < d < n, Ud,n has the same law as Sd/Sn+1, where Sn is the partial
sum of the first n elements of a sequence of independent random variables with standard exponential
distribution (see [21], Proposition 1, p. 335). Hence, by the law of large numbers, nUkn+1,n/kn →p 1 as
kn →∞, while for l fixed, nUl+1,n/l = Op(1) as n →∞. This implies that for any ε > 0,

∀λ > 1 (∃n1 > 0) ∀n ≥ n1, kn/nλ ≤ Ukn+1,n ≤ λkn/n

holds with probability at least greater than 1− ε (denoted w.p.g. 1− ε) and

∀λ > 1 (∃n2 > 0) ∀n ≥ n2, ln/nλ ≤ Uln+1,n ≤ λln/n (27)

w.p.g. 1− ε. We also use the notation tn(·) = G−1(1− ·/n). Hence, for t > (x̃n ∧ kn/n),

1−G(t) ≤ Ukn+1,n ∧ kn/n ≤ kn/(λn),
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w.p.g. 1− ε, for large n ≥ n1. Thus, w.p.g. 1− ε, for n ≥ n1

E|Rn(1)| ≤ 2τ
(n/kn)τ−1/2

r(1, xn)

tn(kn)∫

tn(knλ)

(1−G(t))τ−1(G(t)(1−G(t)))1/2 dt

≤ (n/kn)τ−1/2

r(1, xn)

{
(1−G(tn(knλ)))τ−1/2r(τ − 1/2, tn(knλ))

− (1−G(tn(kn)))τ−1/2r(τ − 1/2, tn(kn))
}

,

which tends to

λτ−1/2

γ(τ − 1/2) + 1
− 1

γ(τ − 1/2) + 1
,

by virtue of Points (i) and (ii) of Lemma 1 and this for any λ > 1. Then, as λ → 1, this term is zero.
Therefore a probabilistic argument can show that E|Rn(1)| → 0 and then Rn(1) →p 0 by Markov’s
inequality.

Step 2: Next we show that

Rn(3) =
(n/kn)τ−1/2

r(1, xn)

ezn∫

exn

(
α̃n(τ, 1−G(t))− B̃n(τ, 1−G(t))

)
dt →p 0.

Proof. For x̃n < t < z̃n, we have U1,n < 1−G(t) ≤ Un,n, so that by Lemma 2

Rn(3) = Op(n−ν)
(n/kn)τ−1/2

r(1, xn)

ezn∫

exn

(1−G(t))τ− 1
2
−ν dt.

For τ > 1/2, we choose ν > 0 such that τ − 1
2 − ν > 0. By Lemma 1 (iii) and (iv), it follows that

|Rn(3)| ≤ Op(n−ν)
(n/kn)τ−1/2

r(1, xn)

y0∫

exn

(1−G(t))τ− 1
2
−ν dt

= Op(n−ν)(1−G(x̃n))−ν r(τ − 1
2 − ν, x̃n)

r(1, xn)
= Op(k−ν

n ).

Step 3: Now we show that

Rn(2) =
(n/kn)τ−1/2

r(1, xn)

ezn∫

zn

B̃n(τ, 1−G(t)) dt →p 0.

Proof. By using (27) and the same methods as before, we get, w.p.g. 1− ε, for n ≥ n2 and some λ > 0,

E|Rn(2)| ≤ 2τ
(n/kn)τ−1/2

r(1, xn)

tn(l)∫

tn(l/λ)

(1−G(t))τ−1(G(t)(1−G(t)))1/2 dt

= o(1)(l/kn)τ−1/2 r(1, zn)
r(1, xn)

(n/ln)τ−1/2

r(1, zn)

{
(1−G(tn(ln/λ)))τ−1/2r(τ − 1/2, tn(ln/λ))

− (1−G(tn(ln)))τ−1/2r(τ − 1/2, tn(ln))
}

.
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But the same methods used just above show that

(n/ln)τ−1/2

r(1, zn)

{
(1−G(tn(ln/λ)))τ−1/2r(τ − 1/2, tn(ln/λ))− (1−G(tn(ln)))τ−1/2r(τ − 1/2, tn(ln))

}

converges to

1
(γ(τ − 1/2) + 1)λτ−1/2+1/γ

− 1
(γ(τ − 1/2) + 1)

and
( ln

kn

)τ−1/2 r(1, zn)
r(1, xn)

→ 0

in view of Points (i) and (ii) of Lemma 1. Hence E|Rn(2)| → 0 and thus Rn(2) →p 0.

Step 4: Il remains to show that

Nn(1, τ) =
(n/kn)τ−1/2

r(1, xn)

zn∫

xn

B̃n(τ, 1−G(t)) dt ∼ N(0, σ2
1(τ)).

It is clear that Nn(1, τ) is a centered normal random variable with variance

σ2
1,n(τ) =

(n/kn)2τ−1

r(1, xn)2
τ2

zn∫

xn

zn∫

xn

(1−G(t))τ−1(1−G(s))τ−1

×
{

min(1−G(t), 1−G(s))− (1−G(t))(1−G(s))
}

dsdt.

We now split this variance into

σ2
1,n(τ) = σ2

1,n,1(τ) + σ2
1,n,2(τ), (28)

where

σ2
1,n,1(τ) =

(n/kn)2τ−1

r(1, xn)2
τ2

zn∫

xn

s∫

xn

G(t)(1−G(t))τ−1(1−G(s))τ dsdt

and

σ2
1,n,2(τ) =

(n/kn)2τ−1

r(1, xn)2
τ2

zn∫

xn

zn∫

s

G(s)(1−G(t))τ (1−G(s))τ−1 dsdt.

By using Points (i), (ii), and (iii) of Lemma 1, one easily gets

σ2
2,n,1(τ) ∼ τ2(γ + 1)2

(γ(2τ − 1) + 2)(γτ + 1)
.

Next, an integration by parts in σ2
1,n,1(τ) with

u =

s∫

xn

(1−G(t))τ−1G(t) dt and dv = d

( zn∫

s

(1−G(t))τ dt

)

yields σ2
1,n,1(τ) = σ2

2,n,1(τ). And this leads to σ2
1,n(τ) → σ2

1(τ) as n →∞. This establishes the asymp-
totic normality of the margins of Sn(τ). Moreover, the finite-dimensional distributions are obtained from
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those of the Brownian bridge. It remains to compute the covariance function, that is the covariance
between Sn(τ) and Sn(ρ), given by the limit of

E(Nn(1, τ)Nn(1, ρ)) =
τρ(n/kn)τ+ρ−1

r(1, xn)2

×
zn∫

xn

zn∫

xn

(1−G(s))τ−1(1−G(s))ρ−1
[
(1−G(t))Λ(1−G(s))− (1−G(t))(1−G(s)

]
dsdt.

The same techniques as used in (28), cutting and integrating by parts, yield

E
(
Nn(1, τ)Nn(1, ρ)

)
=

τρe3(γ)r(τ, xn)r(τ + ρ− 1, xn)
r(1, xn)2

(1 + o(1))

+
τρe3(γ)r(ρ, xn)r(τ + ρ− 1, xn)

r(1, xn)2
(1 + o(1)) (29)

with e3(γ) = γ(τ+ρ−1)+1
γ(τ+ρ−1)+2 . The limit of the left-hand side of (29) is Γ1(τ, ρ) by virtue of Lemma 1. This

achieves the proof of (8). It remains to prove (9). By (8) and Lemma 1, we have the following one-term
expansion for any τ > 1/2,

Tn(τ) = µ̃n(τ) +
N(1, τ)r(1, xn)

k
1/2
n

+ op(r(1, xn)k−1/2
n )

= µ̃n(τ)
(

1 +
N(1, τ)(γτ + 1)

(γ + 1)k1/2
n

)
+ op(k−1/2

n ).

Then

Tn(ρ)−1 = µ̃n(ρ)−1

(
1− N(1, ρ)(γρ + 1)

(γ + 1)k1/2
n

)
+ op(k−1/2

n )

and, since µ̃n(τ)µ̃n(ρ)−1 ∼ (γρ + 1)/(γτ + 1) by Lemma 1, we have

Tn(τ)
Tn(ρ)

=
µ̃n(τ)
µ̃n(ρ)

+
(γρ + 1)N(1, τ)

(γ + 1)k1/2
n

− (γρ + 1)2

(γ + 1)(γτ + 1)k1/2
n

+ op(k−1/2
n ).

This implies
√

kn

(
Tn(τ)
Tn(ρ)

− µ̃n(τ)
µ̃n(ρ)

)
=

(γρ + 1)N(1, τ)
(γ + 1)

− (γρ + 1)2

(γ + 1)(γτ + 1)
N(1, ρ) + op(1)

=: N(4, τ, ρ) + op(1). (30)

We finish by evaluating the variance of N(4, τ, ρ). But E(N(1, τ)2) ∼ σ2
1(τ) and E(N(1, τ)N(1, ρ)) ∼

Γ1(τ, ρ). Hence it is easy to show that the asymptotic form of E(N(4, τ, ρ)2) is σ2
3(τ, ρ). The proof of

Theorem 1 is now complete.

Proof of Theorem 2. From (26) and the different steps, we get for τ > 1/2,

W(τ) =Nn(1, τ) + Dn + Rn(4) + op(1) (31)

with

Rn(4) =

√
k

r(1, xn)
(n/kn)τ

ezn∫

zn

(1−G(t))τ dt

and

Dn =
√

kn

r(1, xn)
(n/kn)τ

xn∫

exn

(1−G(t))τ dt.
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By (27), for any ε > 0, for some λ > 1 and for n ≥ n2,

|Rn(4)| ≤ nτ

k
τ−1/2
n r(1, xn)

tn(ln/λ)∫

tn(ln)

(1−G(t))τ dt

=
nτ

k
τ−1/2
n r(1, xn)

{
(1−G(tn(ln)))τr(τ, tn(ln))− (1−G(tn(ln/λ)))τr(τ, tn(ln/λ))

}
(32)

w.p.g. 1− ε. The latter term goes to zero whenever

lτnk−τ+1/2
n r(zn)/r(xn) → 0. (33)

Next, we prove (33).
In case F ∈ D(ϕα) we have r(zn)/r(xn) → 1 and (33) follows directly from assumption H1.
Let F ∈ D(Λ). Then G ∈ D(Λ) and by (27) and Lemma 1,

lτnk−τ+1/2
n r(zn)/r(xn) ≤ 2lτ−ε

n kτ−1/2−ε
n ,

where ε is small enough, which tends to 0 by H1.
In case F ∈ D(ψγ), for all ζ < 1/γ, we have

y0 − zn

y0 − xn
≤ 2 sup

(
nUln+1,n

ln
, 1

)(
ln
kn

)−ζ+1/γ

.

Using the fact that r(zn) ∼ y0−zn

γ+1 , we get the desired result. This in turn gives

Rn(4) →p 0.

Next, by the fact that nUkn+1,n/kn →p 1 whenever kn →∞ with kn/n → 0, we have

Dn = (1 + op(1))
k

1/2
n

r(1, xn)
(x̃n − xn). (34)

In case F ∈ D(Λ), using the representation (3) and the fact that r(1, xn) ∼ S(kn/n), we have

k
1/2
n

r(1, xn)
(x̃n − xn) = nk−1/2

n

(
Ukn+1,n − kn

n

)
(1 + op(1)) + k1/2

n

(
S(Ukn+1,n)

S(kn
n )

− 1
)

.

The first term of this equation, which we denote by N(2), is Gaussian and the second term goes to 0 in

probability as k
1/2
n (f(Ukn+1,n)− f(kn

n )) tends to 0 in probability.
When F ∈ D(ϕα), this case is exactly the previous one, since G ∈ D(Λ) and the representation (1)

holds.
Let F ∈ D(Ψγ). Use r(1, xn) ∼ (y0 − xn)/γ + 1 and get

√
kn

r(1, xn)
(x̃n − xn) ∼ (γ + 1)k1/2

n

(
y0 − x̃n

y0 − xn
− 1

)
.

Now by (1),

(1 + γn(kn))
(

n

kn
Ukn+1,n

)−εn+1/γ

− 1 ≤ y0 − x̃n

y0 − xn
− 1 ≤ (1 + γn(kn))

(
n

kn
Ukn+1,n

)εn+1/γ

− 1, (35)

where εn = sup{b(t), t ≤ max(Ukn+1,n, kn/n)} p→ 0. Since n
kn

Ukn+1,n
p→ 1,

(γ + 1)k1/2
n

(
y0 − x̃n

y0 − xn
− 1

)
= (γ + 1)k1/2

n γn(kn)(1 + op(1))

+
γ + 1

γ
nk−1/2

n (Ukn+1,n − kn/n)(1 + op(1)).
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Put N(2) = γ+1
γ nk

−1/2
n (Ukn+1,n − kn/n) and N(3, τ) = N(1, τ) + N(2). It is easy to see that the

asymptotic form of E(N(2)2) is (γ+1
γ )2. Further, the covariance between N(1, τ) and N(2) is

− τ(γ + 1)
r(1, xn)γ

(
n

kn

)1/2( n

kn

)τ−1/2
zn∫

xn

(1−G(t))τ−1

[
min

(
kn

n
, 1−G(t)

)
− kn

n
(1−G(t))

]
dt

∼ − τ(γ + 1)
r(1, xn)γ

(
n

k

)τ
zn∫

xn

(1−G(t))τ dt ∼ − τ(γ + 1)
r(1, xn)γ

∼ − τ(γ + 1)2

γ(γτ + 1)
.

Hence, N(3, τ) is a normal random variable with variance σ2
2(τ). This, (31), (32), and (34) together

establish the characterization given in Part 1 of Theorem 2. We have now the means to evaluate the
covariance between Nn(3, τ) and Nn(3, ρ)) and then Γ2(τ, ρ), which is

Γ2(τ, ρ) = Γ1(τ, ρ)− γτ(γ + 1)2

γ2(γτ + 1)
− τρ(γ + 1)2

γ2(γτ + 1)
+

(
γ + 1

γ

)2

.

It remains to get the law of Tn(τ)/Tn(ρ) under (RC). The same arguments as used in (30) yield

k1/2
n

(
Tn(τ)
Tn(ρ)

− µn(τ)
µn(ρ)

)
=

(γρ + 1)N(3, τ)
(γ + 1)

− (γρ + 1)2

(γ + 1)(γτ + 1)
N(3, ρ) + op(1)

=: N(5, τ, ρ) + op(1).

An easy computation enables us to get

E(N(5, τ, ρ)2) = γ−2

(
γρ + 1
γτ + 1

)2{(τγ2 − γ + 2)(γτ + 1)
γ(2τ − 1) + 2

+
(ργ2 − γ + 2)(γρ + 1)

γ(2ρ− 1) + 2

− 2
γ3τρ + γ(τ + ρ− 1) + 2

γ(ρ + τ − 1) + 2

}
= σ2

4(τ, ρ).

This achieves completely the proof of the theorem.

Proof of Theorem 3. We give the proof of (12). The proof of (13) is similar to the proof of (11) in
Theorem 2 and hence is omitted.

First let us give the following decomposition:

k
1/2
n

r(xn)

[
Tn(τ)− y0 − xn

γτ + 1

]
=

k
1/2
n

r(xn)
[Tn(τ)− µn(τ)] +

k
1/2
n

r(xn)
[µn(τ)− r(τ, xn, zn)]

+
k

1/2
n

r(xn)

[
r(τ, xn, zn)− y0 − xn

γτ + 1

]
=: A + B + C. (36)

By Theorem 2, A converges in distribution to a centered normal random variable with variance σ2
2(τ).

Next we notice that µn(τ) =
[

n
kn

(1−G(xn))
]τ

r(τ, xn, zn). Then

B = k1/2
n

r(τ, xn, zn)
r(xn)

[(
n

kn
(1−G(xn))

)τ

− 1
]
.

Using Lemma 1, we can easily prove that r(τ,xn,zn)
r(xn) tends to 1

γτ+1 and we conclude that B → 0 by H3. Il
remains now to prove that C → 0.

Using the Karamata representation of G given in (22), we can write

r(τ, x, z) = (y0 − x)−γτ

z∫

x

(y0 − t)γτ

(
1 + f(t)
1 + f(x)

)τ

exp
(

τ

t∫

x

b(s)
y0 − s

ds

)
dt. (37)
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But (
1 + f(t)
1 + f(x)

)τ

= 1 + O(δ(x)) uniformly in t ∈ (x, y0), (38)

where

δ(x) = sup{|f(t)|, x ≤ z ≤ y0} → 0 as x → y0.

From (37) and (38), we have

r(τ, x, z) = (1 + O(δ(x)))(y0 − x)−γτ

z∫

x

(y0 − t)γτ exp
(

τ

t∫

x

b(s)
y0 − s

ds

)
dt.

Put the variable change y0 − t = p and get

r(τ, x, z) = (1 + O(δ(x)))(y0 − x)−γτ

y0−x∫

y0−z

pγτ exp
(

τ

y0−p∫

x

b(s)
y0 − s

ds

)
dp.

Set λ < 1 and put h the integer such that

(y0 − x)λh+1 < y0 − z ≤ (y0 − x)λh.

Denote

a0 = y0 − z, aj = (y0 − x)λh−j+1, j = 1, . . . , h + 1.

Then
y0−x∫

y0−z

pγτ exp
(

τ

y0−p∫

x

b(s)
y0 − s

ds

)
dt =

h∑

j=0

aj+1∫

aj

pγτ exp
(

τ

y0−p∫

x

b(s)
y0 − s

ds

)
dp

≤
h∑

j=0

aj+1∫

aj

pγτ exp
(

τβ(x)

y0−p∫

x

ds

y0 − s
ds

)
dp

=
h∑

j=0

aj+1∫

aj

pγτ exp
(
− τβ(x) log

(
p

y0 − x)

))
dp

≤
h∑

j=0

aj+1∫

aj

pγτ exp
(− τβ(x)(j + 1) log λ

)
dp

= exp
(− τβ(x)(h + 1) log λ

) 1
γτ + 1

h∑

j=0

(aγτ+1
j+1 − aγτ+1

j )

= exp
(− τβ(x)(h + 1) log λ

) 1
γτ + 1

(
(y0 − x)γτ+1 − (y0 − z)γτ+1

)
,

where β(x) = sup{|b(t)|, x ≤ z ≤ y0} → 0 as x → y0.
Finally,

r(τ, x, z) ≤ (1 + O(δ(x)))
y0 − x

γτ + 1

(
1−

(
y0 − z

y0 − x

)γτ+1)
exp

(− τβ(x)(h + 1) log λ
)
.

This holds for any λ < 1. We get while λ ↑ 1

r(τ, x, z) ≤ (1 + O(δ(x)))
y0 − x

γτ + 1

(
1−

(
y0 − z

y0 − x

)γτ+1)
.
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By similar arguments, we obtain the same kind of lower bound, so that

|C| ≤ y0 − xn

(γτ + 1)r(xn)
k1/2

n

(
y0 − zn

y0 − xn

)γτ+1

+ O(k1/2
n δ(xn))

y0 − xn

(γτ + 1)r(xn)

[
1−

(
y0 − zn

y0 − xn

)γτ+1]
= C1 + C2.

Since F ∈ D(ψγ), we have for all ζ small enough such that ζ < 1/γ,

y0 − zn

y0 − xn
≤ 2 sup

(
nUln+1,n

ln
, 1

)(
ln
kn

)−ζ+1/γ

,

k1/2
n

(
y0 − zn

y0 − xn

)γτ+1

≤ C ′k1/2
n

(
ln
kn

)(−ζ+1/γ)(γτ+1)

,

where C ′ is a nonnegative constant. Hence by H1 and using the fact that r(xn) ∼ y0−xn

γ+1 , C1 tends to 0.
The term C2 tends to 0 by H2.

5. CONCLUSION

The remaining case τ ≤ 1/2 is to be studied later with more restrictive conditions. The continuous
asymptotic convergence of these processes in C([T, T ′]) spaces, 1/2 < T < T ′, will be studied in future
research works.
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5. S. Csörgő and D. M. Mason, “Central Limit Theorems for Sums of Extreme Values”, Math. Proc. Cambridge

Philos. Soc. 98, 547–558 (1985).
6. L. de Haan, On Regular Variation and Its Application to the Weak Convergence of Sample Extremes in

Mathematical Centre Tracts (Amsterdam, 1970), Vol. 32.
7. L. de Haan, Extreme Value Theory: An Introduction (Springer, 2006).
8. A. L. M. Dekkers, J. H. J. Einmahl, and L. De Haan, “A Moment Estimator”, Ann. Statist. 17, 1833–1855

(1989).
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(2, 3), April–June, 1989–94 (1992).

19. D. M. Mason, “Laws of Large Numbers for Sums of Extreme Values”, Ann. Probab. 10, 754–764 (1982).
20. S. I. Resnick, Extreme Values, Regular Variation and Point Processes (Springer, New York, 1987).
21. G. R. Shorack and J. A. Wellner, Empirical Processes with Applications to Statistics (Wiley, New York,

1986).
22. R. L. Smith, “Estimating Tail of Probability Distribution”, Ann. Statist. 15, 1174–1207 (1987).
23. J. Tiago de Oliveira, “Univariate Extremes: Statistical Choice”, in Statistical Extremes Applications, Ed.

by J. Tiago de Oliveira (Reidel Publishing Company, Dordrecht, 1983), pp. 91–108.

MATHEMATICAL METHODS OF STATISTICS Vol. 18 No. 2 2009


