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Abstract

Let Y1,Y2, .... be independent observations of the income variable of some popu-
lation, with underlying distribution G. Given a poverty line Z, for each n≥ 1, Qn is the
number of poor individuals in the population. The Kakwani poverty measure

Pkak,n(k) =
Qn

nΦk(Qn)

Qn

∑
j=1

(Qn− j +1)k
(

Z−Yj,n

Z

)
,

where Φk(Qn) = ∑
j=Qn
j=1 jk, and Y1,n ≤ Y2,n ≤ ... ≤ Yn,n are the ordered incomes of

the individuals of the population, is one of the most important tools for monitoring
poverty in Economics. Here, we complete our asymptotic normality theory for poverty
measures by a special study for the Kakwani index and for the Sen measure which is
Pkak,n(1). The results are positively simulated and data driven examples are also given.

Keywords: Poverty measures, extreme value theory, asymptotic normality, empirical pro-
cesses, hungarian approximation.

1 Introduction

In this paper, we are concerned with the statistical analysis of poverty indices and its appli-
cation to the data driven examples. The poverty indices are defined as follows. We consider
a population of individuals, each of which having a random income or expenditure Y with
distribution function G(y) = P(Y ≤ y). An individual is classified as poor whenever his
income or expenditure Y fulfills Y < Z, where Z is a specified treshold level (the poverty
line).

Consider now a random sample Y1,Y2, ...Yn of size n of incomes, with empirical distri-
bution function Gn(y) = n−1#{Yi ≤ y : 1 ≤ i≤ n}. The number of poor individuals within
the sub-population is then equal to Qn = nGn(Z).
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Given these preliminaries, we introduce measurable functions a(p), b(p), w(p, t,q),
and d(t) of p,q ∈ N, and t ∈ R. The meaning of these functions will be discussed later on.

Let now Y1,n ≤Y2,n ≤ ...≤Yn,n be the order statistics of the sample Y1,Y2, ...Yn of Y . We
consider the general poverty indices of the form

Jn =
1

a(Qn)b(n)

Qn

∑
j=1

w(n,Qn, j) d
(

Z−Yj,n

Z

)
, (1.1)

In the sequel, (1.1) will be called a poverty index (indices in the plural) or simply a poverty
measure according to the economists terminology.

A number of such indices have been introduced in the literature since the pioneering
work of Sen(1976) who first derived poverty measures (see [18]) from an axiomatic point
of view. Many others followed after. Each author introduced its own measure in a par-
ticular form with specific functions a(.),b(.) and w(.), as we will illustrate it, in coming
paragraphs. We put them all in the general form (1.1) and next in

Jn =
1
n

Qn

∑
j=1

c(n,Qn, j) d
(

Z−Yj,n

Z

)
, (1.2)

with [c(n,Qn, j) = {nw(n,Qn, j)}/{a(Qn)b(n)}] for a global statistical study through a uni-
fied approach. Indeed, a survey of these indices may to be found in Zheng [21], who also
discussed their characteristics and properties, from an axiomatic point of view. In the form
(1.2), c(n,Qn, j) represents the weight of the poverty index.

Poverty indices are used by economists to monitor and follow the poverty comparison
(between specific geographical areas) and the poverty evolution (in the time). To put the
reader in his ease and to enable him to have ideas on the functions a(), b() and c(), we recall
here the most used poverty indices in the literature. Among the non-weighted ones, those
for which c(n,Qn, j) ≡ 1, the most popular of them is surely the Foster-Greer-Thorbecke
(1984) ([7]) class (denoted FGT class) given, for α≥ 0,

FGTn(α) =
1
n

Qn

∑
j=1

(
Z−Yj,n

Z

)α

. (1.3)

In Economics terminology, FGTn(0) = Qn/n is called the headcount of poor individuals
or households, FGTn(1) the depth in poverty and FGTn(2) the severity of poverty. In our
general frame, the non-weighted poverty index is simply put in the form

Jn =
1
n

n

∑
j=1

d
(

Z−Yj,n

Z

)
. (1.4)

In the welfare research fields, this class is very preferred to the others because of the de-
composability property. This means that if the population is subdivided into K groups of
proportion ωi (i = 1, ...,K), it suffices to determine the poverty index Jn(i) in each subgroup
i in order to get the global index Jn on the whole population by

Jn =
K

∑
j=1

ωi Jn(i).
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But beside this class, we have several weighted indices, which also have important proper-
ties in connection with the Gini or Theil inequality coefficients (see [1], for instance). We
mention two of such indices. First, Sen(1979), (see [18]) introduced

Jsen,n =
2

n(Qn +1)

Qn

∑
j=1

(Qn− j +1)
(

Z−Yj,n

Z

)
. (1.5)

This has been generalized later by Kakwani(1980) to

Jkak,n(k) =
Qn

nΦk(Qn)

Qn

∑
j=1

(Qn− j +1)k
(

Z−Yj,n

Z

)
, (1.6)

for k ≥ 1 and Φk(Qn) = ∑
j=Qn
j=1 jk (see [8]). The generalization, here, means that Sen mea-

sure is obtained from (1.6) by putting k = 1, that is Jsen,n = Jkak,n(1). Next Shorrocks(1995),
(see [16]) proposed

Jsh,n =
1
n2

Qn

∑
j=1

(2n−2 j +1)
(

Z−Yj,n

Z

)
. (1.7)

The weighted indices evaluate the poverty intensity by putting a more important weight on
the poorest individuals. This means that a small decrease of the income of one household
will correspond to a significant increase of the index. The contrary is also valid. This is one
of their most crucial characteristics. As mentioned above, a thorough survey of the axiomat-
ics of poverty measures can be found in Zheng [21]. We are not directly concerned with
these questions in the present paper nor in those related to the poverty line determination.

In earlier papers, we have been concerned with the consistency of such statistics and
further with their general asymptotic theory. Indeed, we proved that (1.2), under some very
mild conditions of the distribution function, converges in probability to

J =
Z Z

0
L(u,G) d(

Z−u)
u

)dG(u), (1.8)

where L is a weight function, taking a specific form for each particular index. This exact
parameter, that we may call as the Exact Poverty Index (EPI) of an infinite population, is
new in the literature in its generality. We also remark that the weight is L(s,G)≡ 1 for the
not weighted indices while it is equal to 2(1− s) (resp. 2(1− s/G(Z))) for the Shorrocks
(resp. Sen) index.

It then becomes natural to find out a normal asymptotic law of
√

n(Jn − J) for an ac-
curate estimation of the poverty level of the studied population. Precisely, we proved that√

n(Jn− J) converges in distribution to a centered Gaussian random variable N (0,ϑ2) of
variance ϑ2. This allows to use the confidence interval

[Jn−
ϑ√
n

u1−α/2,Jn +
ϑ√
n

u1−α/2] =: [J(1,1−α),J(2,1−α)] (1.9)

of probability 1−α, where u1−α/2 is the (1-α/2)-quantile of the standard normal distribu-
tion function verifying P(N(0,1)≤ u1−α/2) = 1−α/2.
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Let us explain how this kind of results may help to th monitoring of poverty. Given a
specific zone and two periods A and B, the poverty comparison relies on their two EPI’s,
J(A) and J(B) through, for example, their two 95%-confidence intervals

[J(1,0.95,A),J(2,0.95,A)] and [J(1,0.95,B),J(2,0.95,B)].

For J(A) < J(B), we will report positive poverty change if and only if ∆(A,B,0.95) =
J(1,0.95,B)− J(1,0.95,A) > 0 and ∆(A,B,0.95) is the measure of the significant poverty
alleviation from period A to period B. The same method is to be used for geographical
poverty comparison by the use of the EPI.

This may be achieved through asymptotic normality results. Related works are avail-
able in Kakwani (1993) ([9]), Bishop, Formby and Zheng(1997) ([2]), Barrett and Donald
(2000) ([1]), Dia (2005) ([6]), Lo (2008) ([11]) and Lo and Sall (2008) ([10]), etc. But as
mentioned above, these results are given for particular indices and do not cover the large
variety of measures such as the Clark-Hemming(1981) ([3]), the Ray(1989) ([15]), the Kak-
wani (1980) ([8]), the Thon (1979 ) ([19]), the Watts(1968) ([20]) measures and so on. We
do not want to make this paper any longer and we direct the reader to ([21]) for the definition
of theses statistics covered by our general results as showed in ([11])

In [12], we have set a general asymptotic normality of (1.2) for a large class of poverty
measures, especially those for which the weight c(n, j) does not include the random poor
number Qn. Unfortunately, the very important case of the Sen measure, and the Kakwani
one, which both have weights of the form c(n,Qn, j), are not covered by our earlier results.
This motivates us to devote a special study of the Kakwani class of poverty measures,
including the Sen measure as a particular case.

Here, we will give our results in the general form (1.2) before we specialize them for
the Kakwani and Sen indices. Since we are directly concerned with poor countries, we shall
require this condition

Gn(Z) = Qn/n→ ξ = G(Z) ∈ ]0,1[ , as n→+∞.

Now, we must remark that Y is here an income or expenditure variable. Then its lower
endpoint y0 is not negative. This allows to study (1.2) via the transform X = 1/(Y − y0).
Throughout this paper, the distribution function of X is F , whose upper endpoint is then
+∞. Hence (1.2) is transformed as

Jn =
1
n

Qn

∑
j=1

c(n,Qn, j) d

(
Z− y0−X−1

n− j+1,n

Z

)
, (1.10)

We organize the paper as follows. We state and prove the asymptotic normality of (1.2) in
the next section, and further specialize it for the Sen and Kakwani indices. In a last section,
we give simulations of the obtained results and give some data driven applications on the
Senegalese data.

2 Results and Proofs

We need conditions on the function d(.) and on the weight c(n,Qn, j). First assume that
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(D1) d(·) admits a continuous derivative on ]0,1).

(D2) d’( z−y0
z ) and d( z−y0

z ) are finite.

For A(u) = 1/F−1(1−u), we assume :

(C1) A(·) admits a derivative on (0,1) denoted A’(u)=a(u).

(C2) a(·) is continuous on an interval [a′,a′′] with 0 < a′ < a′′ < 1.

(C3) ∃ u0 > 0,∃ η >−3/2, ∀ u ∈ (0,u0) , |a(u)|< C0 uη exp(
R 1

u b(t)t−1dt), with b(t)→
0 as t→ 0.

The condition (C3) means that h is bounded by a regularly varying function S(u)=C0
uη exp(

R 1
u b(t)t−1dt) of exponent η >−3/2.

We also need some conditions on the weight c(·). To this purpose, we introduce further
notation. In fact, we use in this paper the representations of the studied random variables Xi,
i≥ 1, by F−1(1−Ui), i≥ 1, where U1,U2, ... is a sequence of independent random variables
uniformly distributed on (0,1) . Now let Un(·) and Vn(·) the uniform empirical distribution
and the quantile function based on Ui,1≤ i≤ n. We have

j ≥ 1,
j−1

n
< s≤ j

n
=⇒ j

n
= Un(Vn(s)) (2.1)

so that

j ≥ 1,
j−1

n
< s≤ j

n
=⇒ c(n,q, j) = c(n,Qn,nUn(Vn(s))≡ Ln(s). (2.2)

Since Un(Vn(s))→ s, as n→ ∞, our condition on the weight c(·) is that the function Ln(·) is
uniformly bounded by some constant D > 0 and

Ln(s)→ L(s),as n→ ∞, (2.3)

where L(·) is a non-negative C1−function on (0,1). We focus in this paper on the poverty
measures for which

sup
0≤s≤1

∣∣√n(Ln(s)−L(s))− γ(s)
√

n(Gn(Z)−G(Z))
∣∣= op(1)→P 0, as n→ ∞, (2.4)

for some function γ(·). In [12], we delt with the case γ(s) = 0 for 0≤ s ≤ 1. We will check
later that the Kakwani measure fulfills this condition for all k≥ 1.

Finally, let

m(s) = L(s) d
(

Z− y0−1/F−1(1− s)
Z

)
ds.

We are now able to give our general theorem
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Theorem 2.1. Suppose that (C1-2-3), (D1-2) and (2.4) hold, and let

µ =
Z G(Z)

0
γ(s)d

(
Z− y0−1/F−1(1− s)

Z

)
ds.

Then √
n(Jn−J)→ N(0,ϑ2)

where

J =
Z G(Z)

0
L(s) d

(
Z− y0−1/F−1(1− s)

Z

)
ds,

ϑ
2 = θ

2 +(m(G(Z))+µ)2G(Z)(1−G(Z))+(1−G(Z))
2(m(G(Z))+µ)

Z

Z G(Z)

0
sL(s)h(s)ds

and

θ
2 = Z−2

Z G(Z)

0

Z G(Z)

0
L(u) L(v) h(u)h(v)(u∧ v−uv) du dv

with

h(s) = a(s) d′(
Z− y0−1/F−1(1− s)

Z
).

Now, we specialize this result for the Sen measure.

Theorem 2.2. Let Suppose that (C1-2-3) hold and denote by

Jsen,n =
2

n(Qn +1)

Qn

∑
j=1

(Qn− j +1)
(

Z− y0−1/Xn− j+1,n

Z

)
,

the Sen Statistic. Then

L(s) = 2(1− s/G(Z)), µ = 2G(Z)−2
Z G(Z)

0
s d
(

Z− y0−1/F−1(1− s)
Z

)
ds

and √
n(Jsen,n−J)→ N(0,ϑ2)

with

ϑ
2 = θ

2 +µ2G(Z)(1−G(Z))+
2µ
Z

(1−G(Z))
Z G(Z)

0
sL(s)h(s)ds

and

θ
2 = Z−2

Z G(Z)

0

Z G(Z)

0
L(u) L(v) h(u)h(v)(u∧ v−uv) du dv.

Next, we apply it to the Kakwani measure.
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Theorem 2.3. Suppose that (C1-2-3) hold and let denote by

Jkak,n =
Qn

nΦk(Qn)

Qn

∑
j=1

(Qn− j +1)k
(

Z− y0−1/Xn− j+1,n

Z

)
,

be the Kakwani statistic. Then for k≥ 1

L(s) = (k +1)(1− s/G(Z))k, µ =
Z G(Z)

0
γ(s) d

(
Z− y0−1/F−1(1− s)

Z

)
ds

and
γ(s) = k(k +1)(1− s/G(Z))k−1(s/G(Z)2)

Then √
n(Jkak,n(k)−J)→ N(0,ϑ2)

with

ϑ
2 = θ

2 +µ2G(Z)(1−G(Z))+
2µ
Z

(1−G(Z))
Z G(Z)

0
sL(s)h(s)ds (2.5)

and

θ
2 = Z−2

Z G(Z)

0

Z G(Z)

0
L(u) L(v) h(u)h(v)(u∧ v−uv) du dv.

3 Proofs of the Results

All our results will be derived from the lemma below. But, first we place ourselves on
a probability space where the so-called Hungarian constructions hold. Namely, Csőrgö
and al. (see [5]) have constructed a probability space holding a sequence of independent
uniform random variables U1, U2, ... and a sequence of Brownian bridges B1,B2, ... such
that for each 0 < ν < 1/2, as n→ ∞,

sup
1/n≤s≤1−1/n

|βn(s)−Bn(s)|
(s(1− s))1/2−ν

= Op(n−ν) (3.1)

and for 0 < ν < 1/4,

sup
1/n≤s≤1−1/n

|Bn(s)−αn(s)|
(s(1− s))1/2−ν

= Op(n−ν), (3.2)

where {
αn(s) =

√
n(Un(s)− s)) ,0 6 s 6 1

}
is the uniform empirical process and{

βn(s) =
√

n(s−Vn(s)) ,0 6 s 6 1
}

is the uniform quantile process. (see ([4]) for a more direct and shorter proof, and ([14])
for a dual version in the sense that in [5], (3.1) is established for pour 0 < ν < 1/2 and (3.2)
for 0 < ν < 1/4, while in [14], (3.1) is proved for 0 < ν < 1/4 and (3.2) for 0 < ν < 1/2).
Now, throughout ν will be fixed and 0 < ν < 1/4. Now we are able to give the lemma.
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Lemma 3.1. Suppose that (C1-2-3) and (D1-2) hold and

sup
0≤s≤1

√
n |Ln(s)−L(s)|= OP(1) as n→ ∞. (3.3)

Let

J =
Z G(Z)

0
L(s) d

(
Z− y0−1/F−1(1− s)

Z

)
ds.

Then we have the expansion

√
n(Jn− J) = Nn(1)+Nn(2)+

Z G(Z)

1/n

√
n(Ln(s)−L(s))d

(
Z− y0−1/F−1(1− s))

Z

)
ds+oP(1)

with

Nn(1) =
1
Z

Z G(Z)

1/n
L(s)Bn(s)h(s)ds (3.4)

and
Nn(2) = m(G(Z))Bn(G(Z)) (3.5)

for

m(s) = L(s) d
(

Z− y0−1/F−1(1− s)
Z

)
ds.

Proof. This expansion is Formula (4.14) in [12] (see [10] as well). The condition (3.3)
leads to the result.

We are now proving the first and general Theorem.

Proof. (Theorem 1). Let (Ω,Σ,P) be the probability space on which (3.1) and (3.2) hold.
We shall use in this space the representations of the studied random variables Xi, i ≥ 1,
by F−1(1−Ui), i ≥ 1,where U1,U2, ... is a sequence of independent random variables uni-
formly distributed on (0,1) . It follows that :

{ Xn−i+1,n,1≤ i≤ n ; n≥ 1} d=
{

F−1(1−Ui,n),1≤ i≤ n ; n≥ 1
}

(3.6)

where U1,n < ... < Un,n are the order statistics based on U1, ...,Un.
We use at this step the lemma together with (3.3), (2.4) and (3.5), we arrive at

√
n(Jn−D) = Nn(1)+Nn(3)+oP(1),

where Nn(1) is defined in (3.4) and

Nn(3) = (m(G(Z)+µ)αn(G(Z))+oP(1) = (m(G(Z)+µ)Bn(G(Z))+oP(1). (3.7)

The vector (Nn(1),Nn(3)) is Gaussian and

Cov(Nn(1),Nn(3)) =
m(G(Z))+µ

Z
E

Z G(Z)

1/n
L(s)h(s)Bn(G(Z))Bn(s)ds (3.8)

=
m(G(Z))+µ

Z
(1−G(Z))

Z G(Z)

1/n
s L(s) h(s) ds.
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Then
√

n(Jn−J) is a linear transform Nn(1)+Nn(3) of the Gaussian vector (Nn(1),Nn(3))
plus an oP(1) term. The variance of this Gaussian term is easily computed through (3.8)
and the conclusion follows, that is

√
n(Jn−J) is asymptotically a centered Gaussian random

variable with variance (3.8).

The main part of this paper is to check that (3.3) holds for the Sen and Kakwani mea-
sures.

Proof. (Theorem 2). We have here

Ln(s) =
2Qn

Qn +1
−2
(

n
Qn +1

)
j
n

+
2

Qn +1
f or

j−1
n

< s≤ j
n

=
2Qn

Qn +1
− 2Qn

(Qn +1)Gn(Z)
Un(Vn(s))+

2
Qn +1

f or
j−1

n
< s≤ j

n
.

Let L(s) = 2(1− s/G(Z)). We get by straight manipulations that

sup
0≤s≤1

|Ln(s)−L(s)| ≤ G(Z)−1
[

4×Q−1
n + sup

0≤s≤1
|Un(Vn(s))− s|

]
+
∣∣G(Z)−1−Gn(Z)−1∣∣ ,

→ 0, a.s., as n→+∞,

by [17], p.151. Hence (3.3) holds and the lemma is valid. We must check (2.4). We have
for j−1

n ≤ s≤ j
n ,

√
n(Ln(s)−L(s)) = 2

√
n(Un(Vn(s))− s)

Gn(Z)G(Z)
+2

s
√

n(Gn(Z)−G(Z))
Gn(Z)G(Z)

+oP(1)

= 2G(Z)−2 s
√

n(Gn(Z)−G(Z))+oP(1)

= 2sG(Z)−2
αn(G(Z))+oP(1).

uniformly in s∈ (0,1). Put γ(s) = 2s/G(Z)2. Finally remark that the conditions (D1-2) hold
and that m(G(Z)) = 0. This concludes the proof.

Proof. (Theorem 3). First remark that conditions (D1-2) of Theorem 2.1 hold since d(x) =
x. The weight of the Kawkani measure is

Qn

Φk(Qn)
(Qn− j +1)k =

Qn

∑
i=Qn
i=1 (i/n)k

(Qn/n− j/n+1/n)k.

But
i=Qn

∑
i=1

(i/n)k = n
i=Qn

∑
i=1

Z i/n

(i−1)/n
Un(Vn(s))k ds = n

Z Qn/n

0
Un(Vn(s))k ds

Since Un(Vn(·)) converges uniformly to I(s)= s in (0,1) and Qn/n→G(Z),
R Qn/n

0 Un(Vn(s))k

ds→ G(Z)k+1/(k +1). Now, for j−1
n < s≤ j

n ,

Ln(s) =
Qn

Φk(Qn)
(Qn− j +1)k =

{
1
n

i=Qn

∑
i=1

(i/n)k

}−1

(Qn/n) {Qn/n−Un(Vn(s))+1/n}k
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≡ In×Gn(Z)×Hn(s).

Then for
L(s) = (k +1)(1− s/G(Z))k,

we have
sup

0≤s≤G(Z)
|Ln(s)−L(s)| → 0.

We first handle

In−
G(Z)k+1

k +1
=

Z Gn(Z)

0
Un(Vn(s))k ds−

Z G(Z)

0
Un(Vn(s))k ds+

Z G(Z)

0
Un(Vn(s))k ds−

Z G(Z)

0
sk ds

=
Z Gn(Z)

G(Z)
Un(Vn(s))k ds+

Z G(Z)

0
(Un(Vn(s))k− sk) ds

= (Gn(Z)−G(Z))Un(Vn(an(s)))k ds+
Z G(Z)

0
k(Un(Vn(s))− s)bn(s)k−1 ds,

with an(s)∈ [min(Gn(Z),G(Z)),max(Gn(Z),G(Z))] and bn ∈ [min(Un(Vn(s)),s),max(Un(Vn(s)),s)]
by the mean value theorem. We get by uniform continuity on (0,1), and by [17], p.151, that,
for I = G(Z)k+1/(k +1),

√
n(In− I) =

√
n(Gn(Z)−G(Z))G(Z)k +oP(1) (3.9)

= G(Z)k
αn(G(Z))+oP(1) = G(Z)kBn(G(Z))+oP(1),

by (3.2). We now handle

Hn(s)− (G(Z)− s)k = k{(Gn(Z)−G(Z)+(s−Un(Vn(s))}an(s)k−1,

with an(s) ∈ [min(G(Z)− s,Gn(Z)−Un(Vn(s))+1/n),max(G(Z)− s,Gn(Z)−Un(Vn(s))+
1/n)]. By the same arguments used above, we also have for H(s) = (G(Z)− s)k,

√
n{Hn(s)−H(s)}= k(G(Z)− s)k−1Bn(G(Z))+oP(1), (3.10)

where we have used
√

n(Gn(Z)−G(Z)) = Bn(G(Z))+oP(1). (3.11)

We put together (3.9), (3.10) and (3.11) in this way :

Gn(Z)Hn(s)
In

− G(Z)H(s)
I

=
Gn(Z)Hn(s)

In
− Gn(Z)H(s)

In
+

Gn(Z)H(s)
In

− G(Z)H(s)
In

+
G(Z)H(s)

In
− G(Z)H(s)

I

and have

Ln(s)−L(s) =
Gn(Z)

In
(Hn(s)−H(s)+

H(s)
In

(Gn(Z)−G(Z))− G(Z)H(s)
I× In

(In− I).
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And then, uniformly in s,

√
n(Ln(s)−L(s)) = (k

k +1
G(Z)k (G(Z)− s)k−1 +

k +1
G(Z)k+1 (G(Z)− s)k

−G(Z)(k +1)2

G(Z)2k+2 (G(Z)− s)k)Bn(G(Z))+oP(1)

= k(k +1)(1− s/G(Z))k−1(s/G(Z)2) Bn(G(Z))+op(1).

And hence
√

n(Ln(s)−L(s)) = γ(s)Bn(G(Z))+oP(1),

with
γ(s) = k(k +1)(1− s/G(Z))k−1(s/G(Z)2).

Put γ(s) = 2s/G(Z)2. Finally remark that the conditions (D1-2) hold and m(G(Z)) = 0.
This concludes the proof

Remark 3.2. We should notice that for k=1, we obtain the behavior of the Sen measure.

4 Simulation study and data driven applications

4.1 Simulations

Since, we want to base poverty comparison analysis on our results for the Kakwani measure,
it is important to be convinced that they perform well in the environment of the study. In
the Senegalese data, it is striking to remark that the variable X = 1/(Y − y0), where Y
is the expenditure, is well fitted to the log-normal law (see [10]), in all the geographical
areas and for the databases of 1996 and 2001. This is why we conducted the simulation
studies with the special choice of the log-normal law for the distribution function F . We
begin to fix values for the parameters m and σ2 of the log-normal law, a value k and a
given poverty line Z corresponding to a poor proportion G(Z) and next evaluate, by the
Newton-Raphson algorithm, the values of J(k) et ϑ2 (denoted ET 2). We generate n =
150 independent random variables from the log-normal law of parameters m and σ2, and
compute the sample index Jkak,n(k), the individual error |Jkak,n(k)− J(k)| and the P-value
P(N (0,ϑ2) ≥ |

√
n(Jkak,n( j)− J(k))|). Now after B = 1000 replications, we finally report

the mean value of the poverty index (always denoted by Jkak,n(k)), the mean quadratic error
from the individual errors (denoted E) and the mean value of the P-value (denoted PV ). For
different values of G(Z), and for values of m and σ2 near those of our data, the simulations
are very conclusive and support very well to the theoretical results. We may remark the
small values for ET and great values PV (greater than 5%) in the table below. This shows
how conclusive are the simulation studies.

Tab. 1
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Q/n(%) 35 45 55 65

k=1 (Sen)

Jn(%) = 19,77
J(%) = 21,05

E = 0.028
ET = 0.312
PV (%) = 24

26,48
26,37
0.035
0.319

23

34,99
36.95

0.0296
0.364
25,80

44,75
43,94
0.036
0.364
27,47

k=3

Jn = 19,19
J = 19,42
E = 0.027

ET = 0.464
PV = 31,12

25,63
25,40
0.032
0.490
33,55

27,49
26,57
0.0311
0.505
30,98

44,16
45,10
0.343
0.527
29,66

4.2 data driven applications

We just want here to illustrate how good are the application results of our methods to poverty
databases. A large scale and thorough study on Senegalese data is reported in [10]. We
shall apply Theorems 2.2 and 2.3 to the data of the poorest area in Senegal (Kolda) and
the richest area (Dakar). In both cases, we give the sample size, compute the empirical
poverty index value Jn and the Exact Poverty value (EPI) which is J and and report the
95%-confidence interval for k = 1 (Sen measure) and k = 3. We should remark that the
computations are based on a log-normal fitting of the the data X1,X2, ... for a per day poverty
line of approximately of half a US Dollar.[

Jn−1.96
ϑ√
n
,Jn +1.96

ϑ√
n

]
= [J(1),J(2)]

Area size k Jn% D% J(1)% J(2)%
Kolda 198 1 24.86 24.47 21.25 28.47
Kolda 198 3 29.83 29.25 25.75 33.9
Dakar 1122 1 1.48 1.85 1.05 1.92
Dakar 1122 3 1.48 1.95 1.42 2.48

This shows how good are the applications of the results to the Senegalese data. We
may also compare the two areas with the help of the confidence intervals not by relying
of the empirical values. We report a significant difference of the poverty level of 24.47
%− 1.85% = 22.62% with Sen’s index and of 25.75%− 1.95% = 23.8% with Kakwani’s
index of parameter k=3.

Conclusion

In this paper we finished the settling of a general asymptotic theory for the general poverty
measure, using a unified approach. We devoted ([10]) to a large study of poverty analysis in
Senegal with comparison results as well in space as in time with the help of the asymptotic
results given here. In next papers, we will investigate the time-dependent poverty measure
{Jn(t),0≤ t ≤ T} for T > 0, for longitidunal data study.
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